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Control vs. Planning

Chenggang Liu

Control and planning are the two ends of a continuous spectrum. Control
is more in a real-time and close-loop fashion while planning is more in

an offline and open-loop fashion.

There is no clear boundary between

control and planning, for example, we can apply a control law and simulate
forwards in time to make a open-loop long-term plan or we can apply a
open-loop plan in an iterative fashion online to get a close-loop control,

such as Model Predictive Control (MPC).

With the development of computer speed, open-loop planning methods,
specifically trajectory optimization methods, become popular in real-time

control and attract a lot of attention.

Optimal control problem
Continuous-time optimal control problem
e Functional forms:

— Lagrange Formulation
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to

— Bolza Formulation
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to

S.t.
X = f(xa u, t)a

3)

and the boundary conditions

Y(xyf,tp) =0 (4)

where x(t) € R™ is the state, u(t) € R™ is the control, ¢ is the
independent variable (generally speaking, time), ¢ is the initial
time, and ¢y is the terminal time. The terms ¢ and L are called
the terminal penalty term and Lagrangian, respectively.

X(to) = X0,

Mayer Formulation In the Mayer formulation, the state vector
is extended by: z,4+1(t).

$n+1(t):/ L(x,u,t)dt. (5)

to

Then the objective is to choose u(t) to minimize

S.t.

and the boundary conditions

-]

Y(xyp,tp) =0



Mayer formulation and Bolza formulation are equivalent, but Mayer
form yield a simpler expression.

Lagrange, Bolza, and Mayer forms are equivalent. In particular, there
are constraints on the state of the form

S(x(t) <0 (9)

and on the control variable

C(x(t),u(t)) <0 (10)

The optimal control can be derived using Pontryagin’s maximum
principle (a necessary condition), or by solving the Hamilton-Jacobi-
Bellman equation (a necessary and sufficient condition).

Discrete-time optimal control problem

The discrete-time optimal control problem:
N—1
Ji(wk) = ulilgb{éﬁ(mN) + ];) Ly (zr, ur) }

s.t.
Th+1 = F(a:k,uk, k‘)

Continuous DDP (Differential Dynamic Pro-
gramming)

Calculus of Variation
In optimal control, we are trying to solve:
tf
u=argminJ = ¢Y(z(ty)) + / L(z(t),u(t), t)dt
u to

s.t.

The total cost J is a sum of the terminal cost and an integral along the
way. The total cost J is also called performance index.
Using Lagrange method to augment the cost:

J=L+\(f —i)

Assuming J is chosen to be continuous in z, u, and ¢, we write the
variation as B:

_ ty .
§J = u0x(ty) + / [Lybx + Lydu+ N fodx + AT fuou — AT6(x)]dt
to

where subscripts denote partial derivatives.
The last term:

ty ty .
—/ AT didt = —\T oz +/ Noxdt
to

to

and thus

8T = [u(x(ty)) — Altg) "6z (ts) + Alto) "0 (to)+
/ ! (Hy + AT)oxdt + v H, budt

to to

(11)

where H = L + AT f and is called Hamiltonian E
To extreme Eq. [L1|, there are three components of variation that must
independently be zero since we can vary any of dz, du, or x(ty):

Lo+ A fo+AT=0
Ly+ A fu=0
Pa(a(ty)) = A (ty) =0

1Here we are assuming the augmented Lagrangian is differentiable. In fact, it is quite
often for problems with bounded controls and terminal cost to have nondifferentiable
optimal cost-to-go functions.

2Recall that we can get Hamiltonian from Lagrangian by calculating the momenta by
differentiating the augmented Lagrangian with respect to the ’velocity’, &, as p = %'
Then the Hamiltonian is then given by H = p¢ — L. As we can see that the Lagrange
multiplier X\ in Eq. is actually the 'momenta’, but with an opposite sign. This gives
us an interesting insight into the optimal control problem.




The evolution of A is given in reverse time, from the final state to the
initial. This is the primary difficulty of solving optimal control problems.

Finally, we have the following equations that extreme the our objective
function:

. Solve ODE backwards in time to get co-state history:

Evaluate v, (z(tf)), and propagate the co-state backwards in time
from t¢ to %o

. At each time step, minimize the Hamiltonian by:

m: - f(x_f_t)’u(_?’t) (12) e choosing éu = —eH,, where € € (0, 1]
A= =Ly —fa A (13) o update u = u + du
Ly+ A fu = 0 (14) o L .
5. If J*T1 < J%, go back to step 2 with i = 7 + 1. Otherwise, reduce the
s.t. step size € and repeat 4 (backtracking line search).
z(to) = o 6. Exit if the early exit conditions are satisfied.
AT (tr) = dala(ty))
Note: Newton-Raphson method (successive sweep method)

Newton-Raphson method uses second order variation to minimize the
Hamiltonian, H = L + \T f.
BTRX

dx(to) = 0 if the initial state is fixed.

The function L + A" f is called Hamiltonian E It is counterpart in
discrete time is the Bellmen equation.

1 2H H, | H, 1
If H is not differentiable w.r.t. u, then u can still be derived using H(zx + 0z, u+ du,t +dt) = 1 Sz HT H,, | H,, 5| + H,dt
the Pontryagin Maximum Principle: ’ ’ 2 Su H@r H ‘ H Su
u = argmin H (z,u,t,\) (15)
o The Newton step of du is given by:
The Lagrange multiplier is often called co-state.
du = argmindH (16)
If we replace u in Egs. and @ with the solution of the optimal du
control, then Eqs. |12 and [L3 become equations only of z and A, which = -H'H,-H, ! 'H,br (17)

are often called Hamiltonian Differential Equations. Compared with gradient method, there is an additional term of

« Denote V as the value function, then V| is a solution of . —H, Hyz0z, which means A is changed because du depends on dz.
T g _ -1
Gradient method A= e = Hutg He + HuHyy Huz (18)
. . . . . T _
Gradient method is outlined as follows: No = —Hypw— Hyptty = —Hypp + Hys Huul H,, (19)
1. For a given xq, pick a control history wu(t).
2. Solve ODE forwards in time to get state history: H, Ly, + My (20)
Propagate & = f(x(t), u(t),t) forward in time to create a state history Hyw = Lus+ Aofu+ Mz (21)
3’Cool things in Physics and optimization’ Link Hy,, = Ly, + )\fugj (22)


https://cgliu.github.io/posts/optimization-physics.pdf

Newton’s method is outlined as follows:
1. For a given x, pick a control history wu(t).

2. For iteration i, solve ODE forwards in time to get state history x(t)*:
Propagate @ = f(x(t),u(t),t) forwards in time to create a state his-
tory

3. Solve ODE backwards in time to get co-state history A(¢)*:
Evaluate 9, (z(ty)) and 9z (x(tr)), and propagate A(t) and A (t)
backwards in time from 5 to to

4. At each time step, minimize the Hamiltonian by:
utt =t —eH 'H, — H ' Hy 02

5. If Ji*+! < J?, go back to step 2 with 4 = i + 1. Otherwise, reduce the
step size e and repeat step 4 (backtracking line search).

Note:

o If the system dynamics is linear and the cost function is quadratic,
one step convergence can be achieved with e =1

Control parameters

Control parameters are constant variables in the optimal control problem
structure, for example: L(x,u,a,t). According to the maximum principle:

BTEX

T

1|6 H] Hy,, Hpa Hg| |6
H(x+5m,a+5a,u+(5u,,t):§ 52 HET I I I 5§
ou H! H.,. Hu Hu| |6u

Thus, we have:
Su=—-H_,'H, — H,H,,6x — H, ! H,,0a
when it converge, H,, = 0 and:

* —1
u, = —H, . Hyy

xT

and
* —1
uy, = —H, . Hyq

(03

As you can see, a has similar coefficient as the sate variable. We can
actually take « as a state variable and then solve it in the same way: define
v=[z",a']", the dynamics: XTEX

b= [f(”’“’t)] (23)
0
Discrete DDP
Discrete time optimal control is to find a control sequence that:
N—1
u(0,...,N —1) = arg m&nqﬁ(xN) + Z a(L(zi,wi, i) + V(zipr, i+ 1))
i=k
s.t.
Tpy1 = F(zp, ug, k)
2(0) = zg
Define an optimal cost-to-go function (value function) as:
N—1
V (k) = min > (L(iyuiyi) + V(@isr, i+ 1)) + ¢(z(N))
i=k
and a @ function:
Q(l‘k, U k) = L(l‘k, U k) + V($k+1, k+ 1)
The optimal control at time & is given by:
u (k) = arg H}}fr)lQ(‘rka u, k)
Second order expansion:
17720 @ Q] [1
(SUk QI Quz Quu 6”’6



The Newton step of u at time k is given by: s.t.

- Tk+1 = F(.’L‘k, Uk, k) (25)
u = _Q_l - Q_lQu:c(Sx . . PR
uu e uu The first order approximation of the dynamics is given by:
For @ approximation: 2(k + 1) = F,0x(k) + Fuou(k) + F(zy, uy, k)
Q(k) = Lyp(k)+ Vy(k+1)F.(k) Define a vector as v := [1 dzT du']T.
Qu(k) = Ly(k)+ Vo(k+1)F,(k) The second order expansion of the cost function:
Qux(k) = Law(k) + Fu(k) Vaa(k + 1) Fo(k) + Va(k + 1) Fon () L LT L]
Quu(k) = Lgu(k)+ Fu(k)TVm(k + 1)y (k) + Vi(k + 1) Fpu (k) L(z,u,k) :==v" |Ly Lyz Lou| v (26)
Que(k) = Lua(k) + Fu(k) Vag(k + 1) Fy(k) + Vi (k + 1) Fun () Lu Luz Luu
Quu(k) = Lyu(k) + Fu(k) Vag(k + 1) Fy(k) + Vi(k + 1) Fyu (k) Define Z(z(k),u(k), k) := L(x(k),u(k), k) + V(x(k+1),k+ 1), which is

often called Q function. The second order approximation of the Q function
The value function (optimal cost to go) is the Q function when the ig given by:

control is optimal. Therefore, the value function approximation is given

by: L[] [22 27 ozl 11
Z(xg,ug, k) = 3 ox Zy Zpw Lou ox (27)
Vik) = Q) — QuQuaQ, Su Zu Zuw Zuw | |0u
_ _ —1
ngk; Qw(lz)) Qu (sz)““ (lsz)M (kz ) For the shake of simplicity, let us denote the hessian matrix as:
27 z1 | Z] 7 7
The terminal conditions are: Zy Zyx | Zau | = [ le Z12 } (28)
Zy Zus | Zuu 2l a2
Vo (N) = ¢w<N)
where Z1; € R(1+N)><(1+N), Z1a € R(1+N)XM, Zo1 € RMX(hLN) and
ant(N) = ¢a:at(N) Z22 S RMXM
Then the optimal control taken a Newton step is given by:
ILQR u* (k) = u(k) — ak — Kéx(k)

The iLQR is a special form of DDP that it uses first order approximation where

— _7—1 Mx(1+N)
of the system dynamics. [k|K] = —Z3; (k) Za1(k) € R
The value function is the Q function when the control is optimal. Its

Problem definition and notations second order approximation is thus given by=:

T
. 1 _ 1
Problemn: Vb = |n| @t - zemzE Wz |5 @)
N-1
u(0,..., N — 1) = argmin Z L(zk,ug, k) + ¢(xn) 4This is not a ’real’ value function since we haven’t found the optimal trajectory yet.

=0 However, this is the best one that we can get.



To make it symmetric,
V=05V"+V)

For convenience, let’s define a dynamics Jacobian as:

Do {1 0 0] (30)

0 F F/
The the chain rule for Q function update is given by:

Z(k)=L+D"V(k+1)D (31)

where
V(N) = é(zn,N)
Viw(N) = ¢ua(zn, N)

The algorithm
The iLQR is outlined as follows:

1. For a given x, pick a control history u(0,...,N —1)

2. Simulate forwards in time to get the state history, z(0,...,N), ac-

cording to the system dynamics of Eq.

3. Simulate backwards in time to update the Q history, Z(N,...
according to Egs. RY, BJ and B1.

7O>7

4. if the initial state is open, dz(0) = V,,*(0)V,(0). Otherwise, 6x(0) =

xrxr
0. recorder the current cost as J° and its maximum possible decrease

as:
AT =V(0)—J°

5. early stop:

e if AJ > 0, return ERROR.
o elseif AJ > —abs_tols or |AJ/J°| < rel_tol, return SUCCESS
o if exceed iteration number, return WARNING

6. Backtracking line searchaz

(a) Start with o = 1.0 and iteration number ¢ as 1

(b) Simulate forwards in time to get the state and control history.
x(0) «+ z(0) — adz(0)
u(k) + u(k) — ak — Koz (k)

(c) Evaluate the resultant trajectory and denote its cost as J*.

(d) if J* < J° —axcx |AJ|, where ¢ € (0,0.5) is the Armijo factor
(typically ¢ = 0.25), then return SUCCESS. Otherwise, a < Ta,
where 7 € (0,1) is the backtracking parameter, and repeat b).
If i > 44z Or a becomes zero, return ERROR.

Continuous LQR (Linear Quadratic Regula-
tor)

Finite horizon LQR

For finite horizon LQR, we are solving:

ty 1
u(t) = argminx}rQ(tf)mf + / §xT
u to

s.t.
The Hamiltonian:
L T I T T
H = 5% Qx+§u Ru+ M\ (Az + Bu)
The optimal control is given by:
H,=0

then we have:
w'=—RI'BTA

5. Refer to https://en.wikipedia.org/wiki/Backtracking_line_search


https://en.wikipedia.org/wiki/Backtracking_line_search

For the co-state: )
A=—-H] =—-Qz— A"\

Using the optimal control, the system dynamics with co-state can be
written as:

(32)

Note:
o Eq. @ is called Hamiltonian DE.
e The 2n x 2n matrix is called Hamiltonian for the problem.

o with conditions: z(0) = x¢ and A(ty) = Qsx(ts), the problem is a
Two-Point Boundary Value problem.

Since A(ty) = Qrx(ty), let’s try a connection A = P(t)x(t), we have:
—P=Pt)A(t)+ At)"P(t) + Q(t) — P(t)B(t)R™*(t)B(t) " P(t) (33)

s.t.
P(ty) = Qs
Note:
» Eq. @ is Riccati differential equation.
o It can be derived by Eq. @

o we can integrate backwards in time to get P(t) and then get optimal
control:
u* = —R-Y )BT (t)P(t)x(t)

Infinite horizon LQR

For finite horizon LQR, we are solving:

min /000 %xT(t)Qx(t) + %UT(t)Ru(t)

u

s.t.
#(t) = Ax(t) + Bu(t)

P is found by solving the continuous time algebraic Riccati equation:

0=PA+A"P+Q—-PBR'B'P
The optimal control is given by:

u=—R 'BT Px

Discrete LQR

For discrete time LQR, we are interested in the following problem:
N-1 1
uw(0,...,N—1)= arg min Z im;Qkxk + Eu,;rRkuk + x}PN:EN

k=0

s.t.
Trp1 = Apxr + Brug
xo = z(0)

We can derive discrete time LQR using the results of discrete time DDP,
where L,(k) =27Q, Ly =u"R, Ly = Q, Luu=Q, F, = A, F, = B.

Backpropagate as a network

The following diagram best describes the nature of the optimal control
problem, which is a Two-point Boundary Value Problem, where the initial
state and the final co-state are defined H.

SEfficient robust policy optimization, American Control Conference (ACC), 2012,
Christopher G. Atkeson, Robotics Institute, Carnegie Mellon University, 5000 Forbes
Avenue, Pittsburgh, PA, USA
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Note: There is a connection between 7 and v(k+1), which is not shown
in the original paper, because:

m(xg) = argmin L(xg, ug, k) + V (g1, k + 1)
Uk

Numerical Integration

The model ODE

The first order ODE: J
Y
_—= t
o = Tty)

where y € RV. It is interesting because high order ODEs can be written
in form of a system of first order ODEs.

Euler method

o forward Euler:
Yk+1 = Yx + AT f(y(k))

¢ backward Euler:
Yer1 =y + AT f(y(k + 1))

The forward Euler is also called explicit method because you can eval-
uate the next time step by an explicit equation. It is simple but less
stable.

The backward Euler is also called implicit method because you have to
solve nonlinear equations to get the next step. It is more complicate by
more stable 4.

Runge-Kutta methods

The Runge-Katta methods are the most popular methods of solving ODE
numerically. They can be derived for any order of accuracy. The most
popular method is the fourth order Runge-Kutta method, or RK4 method,
which is given by

1

Ykl = Yr+ g(lﬁ +2K5 + 2K3 + ka), (34)
ki = hf(te,yx) (35)

h 1
ky = hf(ty + 50 Yk + ikl) (36)

h 1
K3 = hf(ty + 7 Yr + §k2) (37)
ky = hf(te +h,yx +ks3) (38)

Quadrature

Quadrature is more or less a a synonym for numerical integration, es-
pecially as applied to one-dimensional integrals. Some authors refer to
numerical integration over more than one dimension as cubature; others
take quadrature to include higher-dimensional integration.

b N
/ Fdt ~ 3 wif (1)
a =1

where w; are the quadrature weights and ¢; are the quadrature points or
nodes.

An interpolatory quadrature formula can be created for arbitrary sup-
port points by approximating the integrand by Lagrange polynomials, so

that , -
[ e [ 3" L) ear

7https://web.stanford.edu/~fringer/teaching/numerical_methods_02/
handouts/lecture7.pdf


https://web.stanford.edu/~fringer/teaching/numerical_methods_02/handouts/lecture7.pdf
https://web.stanford.edu/~fringer/teaching/numerical_methods_02/handouts/lecture7.pdf

The quadrature weights can be easily determined as

b
wi:/ Li(t)dt

The quadrature formula with the maximum degree of precision is the
Gauss quadrature formula, which is exact for polynomials of degree
2N —1 or less. The Gauss formula is found by choosing the weights w; and
points ¢; which make the formula exact for the highest degree polynomial
possible. The points and weights are determined so that

1 N
[ =3 wi s + B
-1 i=1

and the error Fy is zero for a polynomial of degree 2N — 1. The Gauss
points are determined as the zeros of the N** degree Legendre polynomial
and the weights are the integrals of the resulting Lagrange interpolating
polynomials, so that

1 N

-

There are other types of quadrature formula, such LGL, which is similar
to the Gauss formula, except the boundary points are fixed at -1 and 1.

The error in the pesudospectral integration at the i** point is bounded
by

t— 1t
t; — tx

dt, i=1,...,N
b p=1 ki

d" f(€)
dtN

and the pseudospectral integral will converge for any f(¢) whose deriva-
tives are bounded, as the number of nodes used approaches infinity B.

2
1B < 1 s €€ -1,1)

Solve ODEs backwards in time

Having a dynamics equation, it seems normal to integrate forward to get
the time history. Backward ODE sounds odd because how can you inte-
grate a dynamic system backward in time. But actually, it is still normal

8 A Gauss Pseudospectral Transcription for Optimal Control by David Benson, MIT,
2005

in math. We can still use Runge-Kutta to integrate ODEs backward in
time using a negative time step!

Yo = gkt gl + 2Ky + 2Ky + k), (39)
kv = hf(te yk) (40)
ka = hf(ty — g,yk — %kl) (41)
Kz = hf(ty — g»yk - %kz) (42)
ks = hf(ty —h,yx — k3) (43)

Figure 1: Comparison between solving ODEs forwards and backwards in
time

Code

Lagrange interpolation

Given N arbitrary support points of the function f(¢), on interval ¢ € [a, b],
there exists a unique polynomial P(t), of degree N-1 so that

P(t’t):fl7Z:17aN


https://github.com/cgliu/optimal_control/blob/master/tests/ode_forwards_backwards.py

The unique polynomial can be found using Lagrange interpolation for-
mula so that

N
P(t) = Z fiLi(t)

where L;(t) are the Lagrange interpolation polynomials

A

1
k=1,k#i

— 1y
7tk

Li(t) dt, i=1,...,N
Spectral method for ODE and PDE
o Galerkin, tau method

¢ Pseudospectral method, or collocation method satisfy boundary con-
straints and collocation points

Direct transcription

Take the state and the control at collocation points as optimization vari-
ables

Euler method

Runge-Kutta method

Lagrange Pseudospectral method

it is outlined as:

Lagrange interpolation 4+ Gauss quadrature

the state and control are interpolated using Lagrange interpolation
at N LGL points

the dynamics constraints are enforced at the LGL points

boundary constraints are enforced using the boundary points of ap-
proximating polynomial

the integration in the cost function is discretized using GL quadrature
rule

10

problems:

e the cost is evaluated only at the collocation points, which in general
is sparse. It may miss some important details in the cost functions.
more details here

Gauss Pseudospectral method

outlined as:

e convert to Bolza formulation use Lagrange interpolation + Gauss
quadrature

e integration approximation matrix



